We propose a framework for calculating two-loop Feynman diagrams which appear within a renormalizable theory in the general mass case and at finite external momenta. Our approach is a combination of analytical results and of high accuracy numerical integration, similar to a method proposed previously [7] for treating diagrams without numerators. We reduce all possible tensor structures to a small set of scalar integrals, for which we provide integral representations in terms of four basic functions. The algebraic part is suitable for implementing in a computer program for the automatic generation and evaluation of Feynman graphs. The numerical part is essentially the same as in the case of Feynman diagrams without numerators.
Introduction
The importance of developing techniques to calculate radiative corrections can hardly be overemphasized. The measurements at existing high energy colliders, like LEP and the SLC, are clearly sensitive to one-loop electroweak effects. As their precision increases, analyses at two-loop level may become necessary [1] .
The problem of calculating one-loop Feynman diagrams was in principle solved completely long time ago by 't Hooft and Veltman [2] , and by Passarino and Veltman [3] . For a review, see for instance ref. [4] . As it is well-known, all one-loop diagrams are expressible in terms of Spence functions. In the general mass case, however, the numerical evaluation of the resulting expressions may be tricky [5] . This is because one needs to take care that the functions involved remain on the correct Riemann sheet, and because one has to control potentially large numerical cancellations.
No similar general solution was available so far at two-loop level in the general massive case, although a lot of effort was devoted to solving two-loop massive integrals at finite external momenta. Regarding the evaluation of two-loop scalar integrals, a number of approaches were proposed which work for specific topologies or mass combinations -see, for instance, refs. [6] - [19] and references therein. It has become clear that in general the integrals involved at two-loop level are not expressible analytically in terms of well-known and easy to evaluate functions like polylogarithms, as is the case with one-loop diagrams. For instance, in ref. [6] a certain two-loop self-energy diagram was related to the Lauricella functions. For this reason, partly numerical approaches seem unavoidable in the general mass case.
In ref. [7] , a hybrid of analytical and numerical methods was proposed which allows one to treat in principle any two-loop diagram without numerators. This framework was subsequently used for calculating certain physical processes in the Higgs sector of the standard model.
Fewer results exist concerning the reduction of two-loop Feynman graphs to scalar integrals. In ref. [20] it was shown that the two-loop self-energy diagrams can be reduced to scalar integrals without numerators. This result applies only to two-point functions. It was used in conjunction with numerical integration in ref. [21] for calculating certain two-loop contributions to the ρ parameter.
It is the purpose of this paper to develop a framework for treating all two-loop diagrams which can occur in a renormalizable theory in a systematic way. We show that in such a theory all two-loop diagrams can be expressed in terms of a few scalar functions. To our best knowledge, these functions cannot be expressed analytically in terms of known functions, in a way which would facilitate their numerical evaluation. There should be in principle a connection with generalized hypergeometric functions, but it's not clear that this would lead to an efficient evaluation of these functions. Instead of looking for an analytical result, we derive one-dimensional integral representations for these scalar functions. They can be expressed in terms of four simple functions. The structure of these integral representations is a generalization of the results derived in ref. [7] for the case of two-loop diagrams without numerators. Such integral representations can be used for calculating numerically the necessary functions very efficiently. This was shown in refs. [7, 8] for two-point functions and in ref. [9] for three-point functions.
Compared to the case of diagrams without numerators, two new but similar structures may appear in a renormalizable theory, like the standard model. We note that in nonrenormalizable theories more structures are allowed. As it will become clear from our discussion, these additional structures can be treated along the same lines, and will result in similar functions.
Reduction to scalar invariants
In this section we show that the calculation of two-loop Feynman diagrams with any tensor structure at the numerator can be reduced to the evaluation of a class of scalar invariants.
Any two-loop diagram without numerators can be written as an integral over scalar integrals of the type [7] :
where all momenta are Euclidian.
This form is obtained after combining all propagators which contain the same loop momentum p, q or r ≡ p + q by introducing Feynman parameters. At their turn, all G functions can be derived from two basic functions F and G. For a discussion of the properties of these functions see refs. [7, 9] .
Similarly, some tensor structure in the numerator of the original Feynman diagram will result in tensor integrals of the type:
The calculation of such tensor integrals can be reduced to the calculation of scalar integrals of the following form:
To show this, let us introduce the transverse components of the loop momenta p and q:
With these notations, eq. 2 results in a sum of terms with the following structure:
where P is some poynomial function of p · k and q · k.
Integrals of this type vanish for odd j ′ . This is because the tensor I µ 1 ···µ j ′ is transverse with respect to all its indices. At the same time, the only vector available for constructing I µ 1 ···µ j ′ after the p and q integrations in eq. 4 are carried out is the external momentum k µ . If j ′ = 2n + 1, after using k and the metric tensor g µν to support 2n transverse indices, there is one free index left, which must be carried by k. However, this last index cannot be made transverse, and thus our assertion follows.
As an example, one has the following relation:
This is because the following relation holds:
If j ′ in eq. 5 is even, one can always decompose I µ 1 ···µ j ′ into scalar invariants of the type in eq. 3 by using the transversality of I µ 1 ···µ j ′ . For instance, apart from a redefinition of the loop momenta p and q, two combinations are possible for j ′ = 2:
where
The scalar invariants A and B can be further reduced to functions of the form of eq. 3 by using the relations:
and by partial fractioning the resulting expressions. The corresponding relations for j ′ = 4 are given in Appendix A. Obviously, this procedure can be extended to higher order tensor structures which may occur in more complicated calculations. At this point, any two-loop Feynman diagram can be expressed in terms of scalar integrals of the type of eq. 3.
Recursion relations
We have shown in the previous section that the problem of calculating any two-loop Feynman diagram reduces to treating scalar integrals of the type:
are independent. There are recursion relations between functions with different indices. In this section we show that all P a b α 1 α 2 α 3 functions which can appear in a two-loop calculation within a renormalizable theory can be derived by differentiation from a limited number of basic functions.
As a first step, one notices that one can increase the indices α 1 , α 2 and α 3 of P a b α 1 α 2 α 3 by one unit by differentiating with respect to the mass arguments:
and similarly for α 2 and α 3 . Next, by differentiation with respect to the external momentum k µ , one obtains the following relations:
and
Figure 1: Two-loop vacuum diagram with one boson and two fermion propagators, which leads to a P function of minimum degree (one). Vacuum diagrams are expressed analytically in terms of Spence functions, but one can obtain nontrivial P functions of degree one by adding external bosonic lines to this diagram.
In eqns. 12, the functions P
, which may appear if either a or b vanish, are defined to be zero. These relations allow one to increase the upper and the lower indices by one unit simultaneously.
In the following we will call
. Eqns. 11 can be used for increasing the degree of P a b α 1 α 2 α 3 . Eqns. 12 essentially relate functions of the same degree, while increasing simultaneously the upper and the lower indices.
Hence, it is important to look at the functions of lowest possible degree in order to identify a limited set of functions from which one can derive all the other.
The allowed range of the degree of the functions P a b α 1 α 2 α 3 which can appear in two-loop amplitudes depends on the theory under consideration. For instance, in the case of the linear sigma model the minimum degree is three [7, 9] . There is no upper limit, since the degree can be increased indefinitely by adding external legs to the diagram.
In renormalizable theories, the degree of two-loop functions has always a lower bound. To see this, one notes that powers of the loop momenta appear in the numerator of a Feynman diagram only from the fermion propagators and from derivative couplings. If one demands the theory to be renormalizable, one can only have fermionboson couplings with no derivative, and trilinear boson couplings which have at most one derivative. One can convince oneself that the minimum degree of a two-loop function is one, and is attained by the vacuum diagram with two fermion propagators and one boson propagator shown in fig. 1 . By adding external bosonic lines or pairs of fermionic lines to a diagram one can only increase the degree of the diagram.
Therefore, by using eqns. 11 and 12 one can derive all functions P a b α 1 α 2 α 3 which may appear in renormalizable theories from those with α 1 = α 2 = α 3 = 1 and a + b = 0, 1, 2. Nevertheless, we choose to use the following set instead: degree = 4 :
The reason is that for these functions one can obtain simpler integral representations than for the functions with α 1 = α 2 = α 3 = 1. The functions with α 1 = α 2 = α 3 = 1 are then derived from the set of eq. 14 by using the "partial p" operation of 't Hooft and Veltman [2] . By applying partial p to P a b α 1 α 2 α 3 , one finds the following relation:
and this can be used together with eqns. 12 or 13 for expressing the functions with α 1 = α 2 = α 3 = 1 in terms of the set in eq. 14 when they are needed. Note that not all functions in eq. 14 are independent. Some of them are related by loop momentum redefinitions. For instance, the following relation holds:
At the same time, some of these functions may actually never appear directly from a Feynman diagram, as is the case with P 0 3 2 1 1 . However, they may appear indirectly when using eqns. 12, 13 or 15. For this reason we prefer not to discard them at this point.
The set of functions in eq. 14 is an extension of the functions F and G of ref. [7] . F and G are enough for treating all diagrams without numerators. This is the case for instance with the linear sigma model. As already mentioned, the lowest degree which may appear in the linear sigma model is three. Therefore, only the first two lines of eq. 14 are involved. In fact, P One also notices that eq. 15 is a generalization of eq. 11 of ref. [7] . Finally, a remark on nonrenormalizable theories is in order. One can construct two-loop Feynman diagrams of degree lower than one if one allows for nonrenormalizable interactions. As an example, the two-loop sunset self-energy in a four-fermion interaction theory is of degree zero. In nonrenormalizable theories it is not always possible to restrict the degree of the P a b α 1 α 2 α 3 functions and thus to identify a finite set of basic functions which generate all the other. In the following section we will derive one-dimensional integral representations for the functions of eq. 14. As it will become clear, it is possible to derive similar integral representations for functions with a + b > 3 as well. Thus, specific calculations in nonrenormalizable theories can be performed, too. One only needs to introduce additional functions along with those of eq. 14.
Integral representations
We have seen in the previous sections that any two-loop Feynman diagram in a renormalizable theory can be expressed in terms of the ten functions of eq. 14, not all of them independent.
To our best knowledge, the ultraviolet finite part of these functions at arbitrary values of their arguments cannot be expressed in a closed form in terms of known analytical functions, in a way which would facilitate their numerical evaluation in an efficient way. Already at the level of two-point functions, the self-energy sunset diagram is known to be related to the Lauricella functions [6] . These functions are not straightforward to evaluate numerically -the best way to do that appears to be by means of integral representations [16] . For more complicated two-loop diagrams no analytical results are known so far.
Hence, in this section we derive one-dimensional integral representations of the ten functions in eq. 14. Such integral representations can be used for a fast and accurate numerical evaluation of these functions.
It is convenient to replace the set of ten functions P a b 2 1 1 (m 1 , m 2 , m 3 ; k 2 ) of eq. 14 by the following equivalent set H i (m 1 , m 2 , m 3 ; k 2 ):
For compactness, we omitted in the above formulae the mass and momentum arguments of the functions P a b
. We choose to consider this set of scalar integrals because their ultraviolet behaviour is logarithmic. This is necessary for deriving simple integral representations of their ultraviolet finite parts. It is straightforward to express the P a b 2 1 1 functions in terms of the H i functions. The necessary conversion formulae are listed in Appendix B.
Simple, one-dimensional representations for the functions H 1 and H 2 were found in ref. [7] . As it turns out, it is possible to derive similar integral representations for the other functions, H 3 -H 10 , as well. We discuss some technical details of deriving such integral representations in Appendix C.
By using the methods discussed in Appendix C, one finds the following expressions for the functions H i :
Again, to simplify the notations, we omitted in the above formulae the mass and momentum arguments of the functions H i (m 1
All ten integral representations are built out of the following four basic functions:
where we use the following notations:
The functionsg andf 1 were already introduced in ref. [7] . They are sufficient for treating Feynman diagrams without numerators. The other two functions,f 2 and f 3 , have a similar structure. They are needed for treating functions of degree two and one, respectively, which may appear for instance in a renormalizable theory with fermions. Clearly, it is possible to extend these formulae to functions of lower degree which may appear in nonrenormalizable theories.
The relations 19 can be used for an efficient numerical evaluation of two-loop Feynman diagrams. We do not enter here into details regarding the numerical integration. Let us just note that this was done in refs. [7] - [9] for h 1 and h 2 in the case of two-and three-point functions, and the results were confirmed by independent calculations [10] - [12] . The other h functions have analytical structures similar to h 1 and h 2 , so that the same numerical algorithms can be used to evaluate them.
Conclusions
We presented a method for treating all two-loop diagrams which may appear in a renormalizable theory in a systematic way. Formulae were given which allow one to express any two-loop diagram in terms of a small number of scalar functions. We derived one-dimensional representations of these scalar functions. They are constructed out of four basic functions which have quite simple expressions. These integral representations can be used further for an efficient evaluation of Feynman diagrams.
A useful feature of our approach is that it is suitable for the automatization of two-loop computations. All algebraic manipulations needed to reduce a Feynman diagram to scalar invariants and to express it in terms of the four basic functions which we introduced are algorithmical. They can be encoded in a computer algebra program to treat automatically two-loop Feynman diagrams.
The remaining numerical integrations, the details of which we do not discuss in this paper, are standard. Let us just note that the analytical structure of the functions involved in the integral representations is known [7] . This allows one to identify their singularities, and to define a complex integration path by means of spline functions. Along such a path one can use an adaptative deterministic algorithm for a fast and accurate numerical integration [7, 9] .
In this paper we provide only the formulae which are encountered in renormalizable theories. If calculations in nonrenormalizable theories are addressed, new structures may appear. However, they can be dealt with along the same lines, and lead to similar functions. The main difference is that in nonrenormalizable theories it may be impossible to isolate a finite number of two-loop functions from which all other can be derived by differentiation. In this case one would need to consider a specific process and to identify the necessary functions.
The scalar invariants C, D, E and F can be further reduced to functions of the form of eq. 3 by using the relations:
and by partial fractioning the resulting expressions.
Appendix B
In section 4 we replaced the set of functions P 
We introduce two Feynman parameters x and y, and integrate out the loop momenta p and q. Note that the quadratic divergence which is present in the P 0 2 2 1 1 integral cancels out in H 6 . This is necessary for obtaining a well-defined integral representation of the ultraviolet finite part. Without this cancellation, part of the ultraviolet divergence of the diagram is transferred from the radial loop momenta integration to the Feynman parameters integration; one is then left with a nonintegrable singularity in the x integration.
After integrating out the q and p loop momenta, one finds (n = 4 + ǫ):
Here we introduced the following notation in addition to eqns. 21 and 22:
Eq. 31 displays already the structure of the function H 6 . The first line of eq. 31 contains the ultraviolet singularity, while the y and x integrals are finite. Hence, the x and y integrations need to be performed up to O(ǫ 2 ). Therefore, one expands the integrand in powers of ǫ up to order O(ǫ 2 ) and carries out the y integration. The calculation can be simplified considerably by using the relation:
Finally, one obtains after the y integration the results given in eqns. 18-20. 
